In this paper we report a new bifurcation phenomenon induced by interior crises, which explains the structure of multi-band chaotic attractors in the case of a piecewise-linear discontinuous map. This phenomenon, denoted as a fully developed bandcount adding scenario, leads to a self-similar structure of the chaotic region in parameter space.
Introduction
Most of the bifurcation scenarios known so far involve periodic attractors. Typical examples are period doubling, period increment and period adding phenomena which are investigated theoretically and observed in many applications (see [1] and references therein).
Concerning chaotic attractors two situations are well known. The first one typically occurs after a period doubling cascade. In this case the bands (connected components) of multi-band chaotic attractors merge pairwise until eventually a 1-band attractor is formed. This scenario is denoted as a bandcount merging cascade or sometimes, in analogy to its periodic counterpart, as a bandcount doubling cascade (see, for example, [2] ). The second situation occurs when the chaotic regime is interrupted by periodic windows which are arranged in a specific order [3] . Note that both situations may also occur simultaneously. In contrast to these, the situation where attractors are chaotic within an extended region in parameter space is still insufficiently investigated. One reason for this may be that this situation is not typical for maps with a smooth system function. In fact it was initially assumed that chaos without periodic windows was not possible for maps with a smooth system function [4, 5] . However, some years later it was shown that it is possible to design smooth maps demonstrating this phenomenon [6, 7] .
The occurrence of periodic windows can be explained considering 1D maps on the interval and taking into account that their system function must have an extremal value (otherwise no chaos is possible). For smooth functions the derivative at the extremal value is zero, and consequently any periodic orbit containing a point in a sufficiently small vicinity of the extremal value is stable. For non-smooth maps this situation is different, since the derivative at the extremal value is typically partially defined. This leads to the fact that periodic orbits containing points close to the extremal value undergo border collision bifurcations instead of producing periodic windows. Consequently, these systems demonstrate chaos without periodic inclusions, often denoted as robust chaos. In the pioneering work by Banerjee, Yorke and Grebogi [5] called 'Robust chaos', this term is defined by the absence of periodic windows. This means that an infinitesimally small parameter perturbation does not affect the chaotic nature of the attractor. However, this definition does not exclude possible non-smooth changes in the topological structure and geometrical properties of the chaotic attractors caused by infinitesimally small parameter perturbations.
Remarkably, the above-mentioned definition of robust chaotic attractors is less restrictive-because it focuses on the chaotic nature of attractors only-than a general definition for robustness of attractors. Following the famous work by Milnor 'On the concept of attractor' [8] , an attractor A existing at the point p in parameter space is called robust (structurally stable), iff for all attractors A existing at the points p ∈ U ε (p) in the infinitesimally small neighbourhood U ε (p) there exists a smooth mapping between A and A . This definition means that an infinitesimally small parameter perturbation does not affect the topological structure and geometrical properties of the attractor. Typically, the chaotic nature of the attractor is preserved as well.
Several preliminary works especially with non-smooth systems show that in the regions of chaotic dynamics without periodic inclusions several bifurcation scenarios may be observed which are formed by multi-band attractors undergoing crises bifurcations [9] . The attractors at the bifurcation points are robust in the sense of [5] , since there are no periodic windows in their vicinity. However, they are not robust in the sense of [8] , since their geometrical shape and often also the topology (especially the number of bands) change at the bifurcation point. The main aim of this paper is to describe a novel bifurcation scenario formed by these attractors. Although this is done for a specific dynamical system, the results turn out to be relevant for other dynamical systems showing chaos without periodic windows. This paper is organized as follows. First, in section 2 we specify the model investigated and summarize the relevant results concerning the periodic dynamics of this system. Then in section 3 a general approach for the analytical calculation of interior crises is discussed. After that, in section 4, the bandcount adding bifurcation scenario is presented. Next we explain, in sections 5 and 6, two generating components of the reported novel bifurcation structure, which lead us to the assumption that this structure is self-similar. The rules describing this self-similarity are discussed in section 7.
Investigated model and used notation
The model we will investigate is given by the following piecewise-linear map with a discontinuous system function:
f (x) = ax n + µ + 1 if x n < 0, f r (x) = ax n + µ − 1 if x n > 0.
This map represents a one-dimensional model for a standard type of circuits from the field of analogue-to-digital conversion, namely, of a / modulator with a 1-bit quantizer (see, for example, [10, 11] ). Hereby µ ∈ [−1, 1] represents the input signal of the circuit considered as a parameter of the model, x represents the output and a > 0 is a parameter which describes the non-ideality of the circuit. This model has already been intensively investigated by many authors (see, for example, [12] [13] [14] ). Additionally, it is shown in [15] that equation (1) serves as a model for simple genetic regulatory networks in biology. In addition the structure of the region in the parameter space where system (1) shows periodic behaviour is well understood [1] . However, the region of chaotic dynamics of this system has not been sufficiently investigated. Note further that system (1) represents a special case of 1D piecewise-linear maps investigated, for example, in [1, [16] [17] [18] . Consequently, the results we obtain for system (1) are relevant for these maps as well. Throughout this paper we use the following notation. For the orbits of system (1) we use one of the standard symbolic codings for 1D maps (see, for example, [19] ) denoting the point x < 0 by the symbol L and the point x > 0 by the symbol R. A periodic orbit is characterized by the sequence σ representing exactly one period and will be denoted as O σ . The region in the 2D parameter space, where O σ is stable (unstable), is denoted as P s σ (P u σ ). These regions are bounded by the curves of border collision bifurcation, where the corresponding orbit O σ will be destroyed as it collides with the border x = 0. These curves are denoted as ξ i,d σ , whereby the index i ∈ [0, |σ |] refers to the fact that the ith point of the orbit collides with the border x = 0. The symbol d ∈ { , r} represents the direction of the collision, i.e. whether the ith point of the orbit O σ collides with the border from the left side or from the right side.
The main topic of this paper is multi-band chaotic attractors. The region in the parameter space where such attractors exist is bounded by the curves of interior crises, induced by an unstable periodic orbit O σ and denoted as η d σ , whereby the index d ∈ { , r} depends on how this curve is calculated and is explained below. The corresponding existence region of a Kband attractor is denoted as Q K σ . Note that the upper index K is not redundant: although in the most simple case it holds that K = |σ | + 1, both situations K > |σ | + 1 and K < |σ | + 1 are possible.
Next let us summarize some already known results about the structure of the parameter space of system (1), which are relevant for this work. As one can see, system (1) has a characteristic symmetry property
which implies that the structure of the 2D parameter space a × µ is symmetric with respect to the axis µ = 0. Additionally we state that in region = {(a, µ) | 0 a < 1} system (1) shows non-chaotic (periodic and aperiodic) dynamics only. This can be explained by taking into account that due to the identical slopes a of both partial system functions f and f r , the Lyapunov exponent of any attractor of system (1) (periodic, aperiodic or chaotic) is given by λ = ln(a). Consequently, any bifurcation scenario observed in system (1) under variation of µ for a fixed value of a takes place with a constant value of the Lyapunov exponent λ.
It is shown in [1] that the structure of region is completely determined by two big bang bifurcations [20] of the period adding type, which occur at the points B 1 = (0, −1) and B 2 = (0, 1). From each of these points an infinite number of regions P s σ originate (see figure 1) , whereby the sequence σ may be LR n or RL n with n = 1, 2, . . .. These sequences are denoted in the following as basic sequences and the corresponding orbits O LR n and O RL n as basic orbits. Due to the symmetry property (2), it is sufficient to consider only one family of basic orbits, for example,
Note that we use here and in the following a compact notation: for example, P s/u σ refers to the two different objects, namely, P s σ and P u σ . The boundaries of the existence regions of a basic orbit (the curves of border collision bifurcations ξ 0, /n,r LR n and consequently ξ n, /0,r RL n ) can be calculated analytically for arbitrary n. It can be shown that for each n the region P s LR n Figure 1 . Analytically determined regions of periodic dynamics for orbits up to the third generation of the infinite symbolic sequence adding scheme, as well as regions of chaotic P ch and divergent P div behaviour.
originates from the big bang bifurcation point B 2 and collapses to a singular point
located at the line a = 1 where the orbit O LR n becomes unstable. For a > 1 all these unstable orbits still exist, and the same border collision bifurcations curves ξ 0, /n,r LR n now bound the regions P u LR n . Remarkably, the regions P s LR n and P s RL n do not completely cover the periodic domain. Namely, between each two subsequent regions P s LR n and P s LR n+1 there is some 'free space', where an infinite number of regions P s σ are located, whereby the specific sequences σ can be obtained from a pair LR n and LR n+1 using the infinite sequence adding scheme [21] . This adding scheme is a symbolic representation of the well-known Farey tree [19, 22] , also known as the Stern-Brocot tree, and implies that between the regions P 2 in the third layer, and so on. According to this we denote the layer of the adding scheme, where a specific sequence σ is generated, as the generation of this sequence and of the corresponding orbit O σ . For example, in figure 1 the analytically calculated regions P s σ are shown for the orbits O σ of generations one, two and three. Note that the analytical calculations related to periodic orbits become more complex not only with increasing periods (which may be arbitrarily high within each generation) but also with increasing generations of the orbits.
Remarkably, for each finite generation of σ the regions P s σ have similar shapes, originating from the big bang bifurcation point and collapsing to the point ζ σ ∈ ∂ . Hereby the union of all regions P s σ with symbolic sequences σ of all generations (including the limiting case of infinite generations, which leads to non-robust aperiodic non-chaotic attractors) covers the whole region . Therefore, the structure of region is completely explained by the period adding structures emerging at the two big bang bifurcation points B 1 and B 2 . In contrast to this, there is surprisingly less known about the structure of the parameter space outside region , which means for a > 1. As already stated in [13] , system (1) shows only chaotic and divergent behaviour here. The regions of these two dynamics (marked in figure 1 as P ch and P div ) are separated from each other by the curves of boundary crises [1] . Using the condition of these crises, namely, that an attractor hits the boundary of its own basin of attraction, and taking into account that in the case of system (1) there are two boundaries given by the unstable fixed points O L/R = µ±1 1−a , we obtain the curves of the boundary crises
shown in figure 1 . Recall that the shortcut χ /r denotes two curves, namely, χ (curve of the boundary crisis caused by the fixed point O L ) and χ r (curve of the boundary crisis caused by O R ). The curves χ /r and the line a = 1 bound the region P ch of chaotic dynamics, which requires further investigation and which represents the main topic of this paper. We will clarify, in particular, how this region is structured and whether this structure is somehow influenced by the big bang bifurcations mentioned above.
General remarks
Before starting to describe the bifurcation structure of the fully developed bandcount adding scenario, let us summarize the technique we use for the analytical calculation of regions corresponding to attractors with specific bandcounts. Because all these regions are bounded by interior crises bifurcations, this calculation is (in principle) straightforward. Note that when dealing with multi-band attractors of 1D maps it is often preferable to count not the bands of attractors but the gaps in between. Obviously, if such an attractor has K−1 gaps, it has K bands. The reason we prefer to count the gaps is that in these gaps unstable periodic orbits are located, which cause the interior crises bifurcations to occur as they collide with the boundaries of a chaotic attractor [9, 23] . Note further that these boundaries can be calculated using kneading orbits, which means itineraries of the critical points [19] . Therefore the following steps are required for the analytical calculation of the interior crises curves.
(i) Step 1. The unstable periodic orbit has to be determined, which is responsible for the interior crisis. It seems to be a natural way to split this task into three sub-tasks: (a) determination of the orbit's period; (b) determination of the symbolic sequence corresponding to this orbit; (c) calculation of the individual points of the orbit. Hereby the first sub-task is typically simple, when taking into account the bandcount of the attractor, whose existence region will be determined, and the knowledge about other already existing unstable orbits with lower periods (see below for a detailed explanation and examples). The last sub-task represents a pure mathematical calculation, which leaves only the second sub-task to be more complicated. Fortunately, there are some regularities in the appearance of the symbolic sequences, which simplify this sub-task significantly.
(ii) Step 2. The relevant point of the kneading orbit has to be calculated. This seemingly simple task is in our case more complex than usual due to two reasons. Firstly, the critical point of the system function is the point of discontinuity x = 0, so that instead of one value f (0) (which is in the case of system (1) not defined) one has to track two kneading orbits starting with the itineraries f (0) and f r (0). Secondly, since the system function f is piecewise defined, its higher iterated functions and especially the nth iterated functions
) are piecewise defined also. Fortunately, for the parameter ranges where we are looking for regions corresponding to specific bandcounts this piecewise definition can be resolved, so that, for example, instead of f [2] (f (0)) we are able to choose one of the functions f (0), f r (0), f r (0) or f rr (0) . Here the subscript denotes the application of the functions f and f r , so that, for example, f r (0) means f r (f (f (0))). As in the previous step, symbolic sequences are also helpful here, and after the correct symbolic sequence corresponding to the relevant point of the kneading orbit is found, the remaining calculation is straightforward. (iii) Step 3. The parameter values where the kneading orbit collides with the unstable periodic orbit have to be determined. The only difficulty hereby is to determine which point of the periodic orbit collides with the relevant point of the kneading orbit. Typically, several (but not all!) periodic points undergo this collision simultaneously (this means at the same parameter value), so that the point has to be chosen, for which the calculation is most simple. Clearly, the number of curves in the parameter space bounding the region corresponding to a specific bandcount results from the number of different possible collisions of the unstable periodic orbit with the kneading orbit.
Note that a great advantage of the piecewise-linear system (1) is that all steps mentioned above can be performed analytically for orbits with high and in some cases even arbitrarily high periods. This is especially important because the numerical techniques for the calculation of bandcounts, especially the methods described in [24] , are restricted when dealing with such high bandcounts (for example, up to 512) as we are interested in.
Overall bandcount adding
In this section we summarize our results for the overall bandcount adding scenario determined by the periodic orbits that emerge stable at the two period adding big bang bifurcation points B 1 , B 2 . All these orbits become unstable at the line a = 1. We will investigate the interior crises where these unstable orbits are involved.
Region Q 3 LR
Let us start with the most simple multi-band chaotic attractor of system (1), namely, with the 3-band attractor. Clearly, between the three contiguous intervals forming the bands, there are two intervals denoted in the following as gaps, which do not belong to the attractor. Therefore, it is somehow natural to search for an unstable periodic orbit with period two, which collides with the attractor causing an interior crisis. For system (1) there exists only one periodic orbit with period two, namely, the orbit O LR consisting of the points
This orbit is not only the periodic orbit with the lowest possible period but is also somehow special as it belongs to both families LR n and L n R of basic periodic orbits. Except for the special case a = 1, µ = 0 (point ζ LR ) this orbit will be destroyed at one of the two border collision bifurcation curves given by Exactly at the point ζ LR = (a = 1, µ = 0), where the two border collision bifurcation curves intersect, an infinite number of period-2 orbits coexits. Due to the slope a = 1 all of them are neutral.
On completing the three steps mentioned above, we have to search now for the points of the kneading orbits (itineraries of the critical point x = 0) which collide with the unstable orbit O LR . It turns out that these points are given by
Using the conditions x 
shown in figure 2. These two curves represent the boundary of the region Q 3 LR of tree-band attractors. Note that the upper index or r of the interior crises curves refers to the fact that these curves are calculated using the left or right itinerary of the critical point, which means f (0) or f r (0). As shown in figure 2, the region Q 
First generation regions Q n+2
LR n So far we have described in full detail how the existence region of the chaotic 3-band attractor Q 3 LR is calculated. In principle, all the necessary calculation steps can be performed for any periodic orbits generated by the two period adding big bang bifurcations occurring at B 1 and B 2 . Naturally, the computational complexity increases not only with the period of the orbit which causes the interior crisis but also and much stronger with the layer in the infinite sequence adding scheme at which its symbolic sequence occurs. For the basic orbits O LR n the calculations can be performed analytically for arbitrarily high periods. From the conditions x 
Since the orbit O LR n has the period n + 1, the interior crises where these orbits are involved bound the regions of (n + 2)-band attractors. As one can see in figure 2 , all regions Q n+2 LR n have similar shapes and originate from the points ζ LR n located at the line a = 1 where the corresponding orbit O LR n becomes unstable. Note additionally that for increasing n the area of the regions Q
n+2
LR n decreases and that the sequence of regions Q
LR n tends to the point (a = 1, µ = 1). Therefore, in any arbitrarily small vicinity of this point an infinite number of different regions Q n+2 LR n are located.
Higher generation regions
Clearly, all steps described above can be accomplished not only for the basic orbits O LR n but also for any periodical orbit O σ emerging at the big bang bifurcation points. Recall that for a < 1 the stability regions P s σ of these orbits are organized by the period adding scenario and that each of these regions collapses for a → 1 to a singular point ζ σ at the line a = 1. LR n (LR n+1 ) 2 can be found. Examples for these regions can be seen in figure 3. This figure shows the numerically calculated regions of periodic dynamics (for a < 1) and the regions of multi-band attractors (for a > 1). As one can see, there is a one-to-one correspondence between both structures, so that they must be organized by the same principle. Therefore, it is a matter of fact that the structure of the stable periodic orbits generated by the two big bang bifurcations B 1 and B 2 is also responsible for the structure in the chaotic region where the multi-band attractors exist.
Another remarkable fact is that the part of the region P ch where all regions Q |σ |+1 σ described above are located is bounded by the envelope
as shown in figure 2. In order to calculate this envelope we find the most right points (a n , µ n ) of the regions Q n+2 LR n , given by the intersection of the curves η LR n and η r LR n . For each n these are given by a n = 2
The value µ n considered as a function of a n leads to equation (13) . Currently we are not able to prove analytically that there exist no multi-band attractors outside the envelope E 1 . Nevertheless, numerical experiments lead us to the assumption that all multi-band attractors of system (1) are located in the region between the line a = 1 and E 1 . Outside this region, which means between E 1 and the curves of boundary crises χ /r , the dynamics of system (1) is given by 1-band chaotic attractors robust not only in terms of the absence of periodic windows but also in terms of persistence of the geometrical structure.
Bandcount doubling

Numerical results and state of the art
As one can see in figure 3 , the regions Q |σ |+1 σ described in the previous section have a complex interior structure. However, this structure has not been investigated until now. In fact, it can be shown that this structure cannot be explained completely when dealing only with periodical orbits, which are stable for a < 1 and become unstable at the line a = 1.
In order to discover this structure, let us start again with the most simple case and consider the bifurcation scenario along the line µ = 0, which represents not only the symmetry axis of the parameter space a × µ but also the middle line of the region Q 
LR n , as shown in figure 5. These middle curves can be calculated from equation (11) and are suitable for a first exploration of the interior structure of the regions Q n+2 LR n . For example, for n = 1, . . . , 5 we obtain the following cascades along the curves m LR n : In order to explain these cascades let us recall some basic facts about the bandcount doubling cascades, which can be observed in such well-known systems as the logistic map x n+1 = αx n (1 − x n ) and the tent map x n+1 = α(1 − 2|x n − 1/2|). As shown in figure 6, in both systems the variation of the parameter α after the onset of chaos leads to a sequence of interior crises, whereby the bandcounts of the involved attractors are given by K i = 2 i with i growing from 0 to ∞ with decreasing α. In the case of the logistic map, the unstable orbits causing these crises originate from the period doubling cascade accumulating at the point α ∞ ≈ 3.569 94. For the logistic map, it is known that the first interior crisis is caused by the unstable fixed point. After this crisis, the attractor has one gap, where this fixed point is located, and consists consequently of two bands. Note that usually this bandcount doubling scenario is described in the opposite direction, which means for decreasing bandcounts starting with attractors with an infinite number of bands after the onset of chaos and ending with the 1-band attractor caused by the last interior crisis of the fixed point. In this case one can state that at the crisis mentioned above the 2-band attractor is destroyed and the 1-band attractor emerges. For our purpose it is more suitable to investigate the scenarios for increasing bandcounts. Therefore, if we state that at some crisis an attractor with K 1 bands is destroyed and another one with K 2 bands emerges, this means K 2 > K 1 . In this sense, the next crisis we observe in the case of the logistic map is caused by the unstable period-2 orbit and the attractor emerging after this crisis has three gaps (two of them containing the period-2 orbit and one the fixed point) and consequently four bands. Similarly, after the ith crisis, the gaps of the attractor contain unstable orbits with periods 2 i−1 , 2 i−2 , . . . , 2 and 1, so that the resulting number of gaps is significant difference in this case is that the orbits involved in the crises here do not originate from a period doubling cascade and cannot become stable. Instead, all these orbits will be destroyed at α ∞ = 1/2. The situation we observed for system (1) can be explained assuming that it is similar to the situation of the tent map. More precisely, we assume that the unstable periodic orbits, which lead to the crises involved in the bandcount doubling cascades, do not belong to any period doubling cascade, but have nevertheless doubled periods. For example, the cascades within the region Q 3 LR are influenced by the period-2 orbit O LR and some orbits with periods 4, 8, 16, and so on. In this case, the bandcount of the attractor after the ith crisis (i 1) is determined by
The first summand 1 is due to the fact that this equation describes the bandcounts and not the number of gaps in between. The prefactor 2 of the sum in equation (15) is because the first involved orbit is the period-2 orbit. In contrast to the cases of the logistic map and the tent map, no fixed points are involved here. As one can see, this equation explains the results obtained numerically and shown in figure 4(b) . Replacing the prefactor 2 by 3 we obtain the sequence K LR n the bandcounts are given by
As one can see, the results obtained numerically (see figure 5 ) can be explained by equation (16); it means assuming that the interior crises forming the bandcount doubling cascades are caused by unstable periodic orbits with doubled periods. This assumption applies to step 1(a) mentioned in section 3. In order to proceed further we now have to determine the symbolic sequences corresponding to these orbits.
Bandcount doubling within Q 3 LR
As a next step, we have to determine the symbolic sequences corresponding to the orbits leading to the interior crises in the bandcount doubling cascades. In order to explain the bandcounts K 
As one can see from figure 7(a), the region P 
Using the conditions (18) for the collision of the unstable orbit O L 2 R 2 with the corresponding points of the kneading orbits given by
we obtain the curves of the interior crises η /r
bounding the region Q 7 L 2 R 2 as shown in figures 7(a) and (b). As a next step we have to determine the unstable period-8 orbit responsible for the emergence of the 15-band attractors, and generally the unstable period-2 i orbits responsible for the emergence of the (K 1 i = 1 + 2 (2 i − 1))-band attractors. The symbolic sequences corresponding to these orbits for i = 1, . . . , 5 are given in table 1. As one can see, there are some regularities in the occurrence of these sequences, so that it is possible to calculate 
The regions Q 1+2 (2 i −1) σ i
with i = 1, . . . , 5 bounded by these curves are shown in figure 7 . As one can see, for all i the region Q
, is symmetric with respect to the axis µ = 0 and originates from the point ζ LR .
The calculations presented above can be continued further. In principle it is also not difficult to find out the regularity in equations (10), (21) and (22) 
Scaling constants
When dealing with bifurcation scenarios the question about their scaling properties arises. Related to the bandcount doubling it is well known that this scenario may have several scaling constants in the parameter space. Especially in the case of the logistic map this scaling constant is identical to the scaling constant of the corresponding period doubling scenario, where the unstable periodic orbits responsible for the crises originate. Therefore the scaling constant of the bandcount doubling scenario in the case of the logistic map is given by the well-known first Feigenbaum constant δ = 4.669 . . .. In the case of the tent map, for which the unstable periodic orbits responsible for the crises do not originate from a period doubling cascade, the scaling constant defined in exactly the same way is given by δ = 2 (see, for example, [25] ). Note that in both cases these constants describe bifurcation scenarios occurring in a 1D parameter space. In our case, it means that for the bandcount doubling we described for system (1), the parameter space is 2D and therefore we have to determine two scaling constants. Hereby one of them describes the scaling in the direction along the middle line of the 2D regions forming this scenario and the other one in the transversal direction. Let us start again with the bandcount doubling scenario within Q 
For the second scaling constant corresponding to the transversal direction the calculation is more complex. In this case we have to compare the extension of the regions Q K 1 i σ i forming the bandcount doubling scenario at corresponding points in the parameter space: (24) with
Hereby there are several possibilities of defining, which points a i have to be considered as corresponding. For example, following [26] we can use the middle points between two subsequent bifurcation points: As one can see, in any case we obtain δ µ = ∞.
Equations (25) and (26) Equations (25) and (27) Equations (25) and (28) Equations (25) One can also use the point of the next bandcount doubling bifurcation:
or the points where the η-curves have extremal values, defined by the condition
Finally, the value d i for equation (24) can be also defined as the ratio of the area of the region and its length:
The results of the calculations according to these four variants are summarized in table 2. As one can see, in any case we obtain δ µ = ∞. As a consequence of the two drastically different scaling constants δ a and δ µ , in figures 7 and 8 each nested region corresponding to the next step of the bandcount doubling cascade becomes more and more narrow in each subfigure.
Bandcount doubling within Q 4 LR 2 and further regions
As already mentioned, the region Q 3 LR can be considered as a special case, because the symbolic sequence LR belongs to both families of basic sequences LR n and RL n . We considered this region mainly due to the fact that the calculations in this case are most simple. However the question arises whether the structure we described for these regions can be detected within other regions also. Although the numerical results presented in section 5.1 indicate that the interior structure of other regions is caused by bandcount doubling scenarios also, we have to check it analytically.
As an example let us consider the region Q 4 LR 2 . The boundaries of this region are already calculated (see equation (11)) and shown in figures 2 and 4(a). As described in section 5.1, within these regions we numerically observed the sequence of bandcounts 4, 10, 22, 46, 95, . . .. Simple calculations show that the unstable periodic orbits leading to this cascade must have periods 3, 6, 12, 24, 48, . . .. As explained above, the 4-band attractor has three gaps occupied by a period-3 orbit, the 10-band attractor has nine gaps occupied by a period-3 orbit and a period-6 orbit, etc. The period-3 orbit involved in the cascade that we investigate is already known, namely, the orbit O LR 2 . The next one, this means the orbit with period 6 is figure 8(a) . In order to obtain a better graphical representation of the results, it is preferable to consider the deviations of the regions forming the bandcount doubling scenario from this middle curve. In other words, we introduce a new parameterμ = µ − m LR 2 (a) and consider the structures in the a ×μ parameter space. Remarkably, the shapes of the regions (23), we obtain for the bandcount doubling scenario within the region Q 4 LR 2 the same scaling constant δ a = 2 as is the case within the region Q 3 LR . Similarly, the second scaling constant δ µ = δμ = ∞ can be calculated.
Finally we remark that the bandcount doubling scenarios within further regions Q n+2 LR n are organized according to the same principles. In particular, for each n the bandcount doubling scenario within the region Q n+2 LR n is caused by interior crises of the orbits
LR n , and so on, similarly to the sequences shown in table 3. In fact, the involved sequences can be obtained from this table by replacing the indices 1, 2 and 3 at the symbols R with (n − 1), n and (n + 1). The corresponding orbits have then the periods n · 2 i−1 and this explains, for example, the bandcount doubling cascades described by equation (16).
Further bandcount adding
Until now we have described the structure of the regions Q n+2 LR n around their middle curves. Now the question arises whether these regions possess some further substructures beneath this middle curve. Numerical experiments demonstrate that this is in fact the case. In this section our goal is to explain the interior structure that can be observed numerically within all regions Q n+2 LR n and to describe the underlying systematics.
Bandcount adding within Q 3
LR : first generation As a first step let us consider the numerically calculated bifurcation and bandcount diagrams shown in figure 9 . Note that for the sake of clarity the bifurcation diagram in figure 9(b) shows as blowups only those parts of the state space where the points of the attractors are located, and the large gaps in between are skipped. Both diagrams are obtained varying the parameters along an arc around the point ζ LR within the region Q 3 LR . As one can see, we observe a large number of intervals with bandcounts greater than three. The scan curve we consider here is given by the elliptic arc a = 1 + R a sin ϕ, µ = R µ cos ϕ around the point ζ LR with R a = 0.05 and R µ = 0.005. For ϕ between approximately −80
• and 80
• this arc is located within the and any further regions forming the bandcount doubling cascade described above. Consequently, in the middle part of figure 9 we observe the bandcounts 7 and 15 but do not observe the bandcounts 31, 63, and so on.
In order to explain the structure we observe for increasing ϕ, let us consider as an example the bandcount 9 shown in figure 9 at ϕ ≈ 60
• . Taking into account the fact that the eight gaps of the corresponding attractor two are already occupied by the two-periodic orbit O LR , we conclude that the orbit leading to the interior crises responsible for the emergence of the attractor we are now interested in must have period 6. A search for unstable six-periodic orbits shows that such an orbit exists and the corresponding symbolic sequence is L 2 R 2 LR. The existence region of this orbit is bounded by the border collision bifurcation curves
and the interior crises induced by this orbit are given by
Tracking the curves ξ
for a decreasing towards 1, we obtain that both the existence region P
of the 9-band attractor start at the point ζ LR , as shown in figure 10 .
As the next example let us explain the bandcount 11 shown in figure 9 at ϕ ≈ 70
• . The same procedure as described above leads us to the assumption that the interior crises of the corresponding attractor must be caused by an eight-periodic orbit. This assumption can be confirmed and it turns out that this orbit is O L 2 R 2 (LR) 2 . The existence region of this orbit is bounded by the border collision bifurcation curves
The curves of the interior crises implied by this orbit are given by and bound the region of this 11-band attractor. As one can see from figure 10, the interior crisis curves start again at the point ζ LR .
The same procedure can be continued further. As a result we obtain a sequence of regions Q 2n+7 L 2 R 2 (LR) n which explains the bandcounts 7, 9, 11, 13, . . . shown in figure 9 (a) and represents the first generation of the bandcount adding scenario within the region Q 
with
and originate from the point ζ LR (see figure 10 ). Note that for increasing n the area in the parameter space occupied by the regions Q 2n+7 L 2 R 2 (LR) n decreases rapidly, so that the corresponding attractors can be very easily overseen when dealing with numerical simulations. However, after the corresponding parameter settings are calculated according to the above equation, it is not a problem to find these multi-band attractors at least for not too high bandcounts.
Remarkably, like the region of 1-band attractors mentioned at the end of section 4, the region Q 3 LR can also be separated into two parts. One of these parts contains further regions with higher bandcounts robust in the sense of [5] but not necessarily robust in the sense of [8] . In contrast to this, the other part contains 3-band attractors robust both in the sense of [5] and [8] . The envelope playing the role of a separatrix between these two regions is given by
and is shown in figures 10 and 11. . Recall again that two of the 12 gaps of these attractors are occupied by the orbit O LR ; we conclude that the orbit leading to the interior crises of these attractors must have period 10. When looking for a 10-periodic orbit whose existence region is located between the regions of the orbits O L 2 R 2 and O L 2 R 2 LR , it is not difficult to assume that this orbit might be O (L 2 R 2 ) 2 LR (corresponding to a simple concatenation of two already known sequences). The analytical calculation confirms this assumption and we detect the curves of the interior crises
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involving this orbit and bounding the region Q
mentioned above as shown in figure 10 . Continuing the same procedure further we state that between each two subsequent regions of the Q 2n+7 n+1 , there is a region of attractors with 4n + 13 bands, whereby the periodic orbit causing the interior crises of these attractors corresponds to the sequence
As one can see, there is strong evidence for the assumption that here we have to again deal with the usual symbolic sequence adding scheme. This means that any symbolic sequence σ , which can be obtained from a pair L 2 R 2 (LR) n and L 2 R 2 (LR) n+1 using this scheme, leads to an interior crisis induced by the orbit O σ . These crisis curves bound the region Q 
by O LR . The only difference between the resulting structure and the overall bandcount adding structure described in section 4 is that in the former case the origins of the bandcount adding structure are distributed along the line a = 1, whereas in the case detected here all involved regions originate from the same point ζ LR .
Bandcount doubling within further regions
Until now we described the families of regions corresponding to multi-band attractors originating from the point ζ LR and organized by the bandcount adding scenario. In addition, it is not surprising that each of these regions has a complex interior structure similar to the structure of the ambient region Q 3 LR . In order to confirm this, let us consider again the middle curves of the regions that we described in the previous sections. Figure 12 shows the results obtained numerically under variation of the parameters along the middle curves of the regions Q 11
which can be calculated from equations (34) and (37). Again these results can be easily explained taking into account the unstable orbits with doubled periods. For example, the orbits forming the bandcount doubling cascade within the region Q Figure 13 . Numerically determined bandcounts within the region Q 7 L 2 R 2 . Some of the bandcounts described in the text are labelled.
As one can see, equation (16) represents a special case of equation (38), namely, the situation K = |σ | + 1, which holds for the regions caused by the unstable orbits corresponding to the basic sequences. ) n , which induces the corresponding interior crisis. In order to confirm this, let us consider the bifurcation scenario along the elliptic arc around the point ζ LR , given by a = 1 + R a sin ϕ, µ = R µ cos ϕ, whereby now the radii have to be set smaller than in the case of figure 9. Using R a = 0.05 and R µ = 0.005 we obtain the results shown in figure 13 . As one can see, the sequence of bandcounts 19, 23, 27, . . ., forms the abovementioned family. This family represents again the basis for the application of the symbolic sequence adding scheme, so that, for example, for all n between the regions Q 4n+15
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, and so on. In figure 13 we see an example of this for n = 5, namely, the bandcount 67 located at ϕ ≈ 1.99.
Applying the symbolic sequence adding scheme further, we obtain the symbolic sequences of the orbits leading to all other bandcounts shown in figure 13 . For example, the bandcount 67 detected for ϕ ≈ 0.186 (close to the region Q
) is caused by the interior crises where the orbit O (L 2 RLR 2 LR) 7 L 2 R 2 is involved. Similarly to the cases described before, there exists an envelope separating the part of Q 7 L 2 R 2 where all these regions are located from the part with robust 7-band attractors. In fact, we can assume that the structures of the regions Q 3 LR and Q 7 L 2 R 2 are identical up to the scaling. The only difference between these structures is that the bandcounts of the attractors within the region Q 7 L 2 R 2 are higher and the involved symbolic sequences are more complex than in the region Q 3 LR . In principle, it is possible to continue the investigation further. However, this seems to be not really necessary since all the results that we have obtained so far indicate the self-similarity of the detected structures.
Self-similarity
Our numerical and analytical results presented so far indicate that the structure of the chaotic region in the parameter space of system (1) is self-similar, although it remains an open question how to prove this in a stringent mathematical way. The situation here is similar to the situation of the usual period doubling phenomenon, which occurs, for example, in the logistic map. As in this case one has to apply functional group renormalization theory to prove the self-similarity.
For the moment we can only formulate the following rules that describe this self-similar structure.
R1. Periodical orbits which are stable for a < 1 lead for a > 1 to the overall bandcount adding scenario described in , as well as regions Q K+| | , whereby the sequence can be obtained from a pair σ n ρ, σ n+1 ρ with n 0 using the infinite symbolic sequence adding scheme. R4. The rules R2 and R3 can be applied recursively.
Using these rules all results presented in this work can be explained. Clearly, all regions forming the overall bandcount adding scenario described in section 4 result from the application of rule R1. A characteristic of this scenario is that it is caused by unstable periodic orbits which originate from the periodic region and are created at the big bang bifurcation points B 1 and B 2 . Consequently, the regions of multi-band attractors created by rule R1 show the influence of these big bang bifurcations outside region .
In contrast to rule R1, rules R2 and R3 describe the structures caused by the unstable periodic orbits, which do not originate from region and which are nowhere stable. For example, the regions involved in the bandcount doubling cascades within the regions Q figure 12 ) result from the subsequent applications of rules R1, R3, R2, R2,. . ., whereas the bandcount adding scenario within the region Q 7 L 2 R 2 (section 6.4, figure 13 ) is explained by subsequent applications of rules R1, R2 and R3.
Summary
In this paper we considered a piecewise-linear discontinuous map and described the structure of the chaotic region in the 2D parameter space. It was shown that this region has a complex and presumably self-similar structure caused by interior crises of one-and multi-band chaotic attractors. The overall 2D structure is formed by two specific 1D bifurcation scenarios, namely, bandcount adding and bandcount doubling, nested into each other. For the bandcount doubling scenario we determined the scaling properties. For both scenarios we demonstrated which unstable periodic orbit is responsible for their formation. It is especially remarkable that the first level of the overall bifurcation structure is caused by periodic orbits that originate from the region of stable periodic dynamics. In contrast to this, all further levels are induced by 'everywhere unstable' periodic orbits; this means periodic orbits which are unstable for any parameter value. All these results can be summarized by a few rules, which describe the self-similarity of the 2D bifurcation structures and allow us to predict the bandcounts of the multi-band chaotic attractors involved up to arbitrarily high values. These rules, developed using the map considered in this work, are applicable for a more general class of dynamical systems, showing the phenomenon of robust chaos (the application examples will be reported separately). Finally, the results of this paper can be seen as a confirmation that the term robust chaos must be used carefully, since chaotic attractors which are robust in the sense of [5] are not necessarily robust in the sense of [8] .
Some open questions remain for further investigation. This concerns, for example, the scaling properties of the bandcount adding scenario. This question together with the application of renormalization group theory must lead to a more general description of the self-similarity of the structures we detected. Another group of questions concerns the nature of the interior crises considered in this work. We calculated the bifurcation curves of these crises using intersections of kneading and unstable periodic orbits. This implies, however, that at the point of an interior crisis the critical point x = 0 belongs to the stable manifold of the unstable periodic orbit involved in this crisis. Unfortunately, this represents a necessary but not a sufficient condition for an interior crisis. It will be very helpful for future work if a sufficient condition could be found.
the symbolic space S 2 :
The striking fact about this sequence is that the curves of the interior crises forming the bandcount doubling scenario within the region Q . Note hereby that the sequences corresponding to periodic orbits on the left-hand side of equations (A.4) and (A.5) can be shifted arbitrarily as they are shift invariant, whereas the sequences required for the calculation of kneading orbits are not.
Similarly, the sequences shown in table 3 can be calculated using (A.1) iterating from the initial state (ρ 0 , 0 ) T = (LR, R) T .
